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Abstract 

We derive sufficient conditions for the vanishing of plurigenera, PmiJ),'n^ > 
0, on compact (£|A;)-strong, uj^ A dduj^ = 0, Kahler manifolds with torsion. In 
particular, we show that the plurigenera of closed {i\k)-stiong manifolds, k < n — 1, 
for which hol(V) C SU (n) vanish, where V is the Hermitian connection with skew- 
symmetric torsion. As a consequence all generalized k-Gauduchon manifolds for 
which hol(V) C SU (n) do not admit holomorphic (n,0) forms. Furthermore we 
show that all conformally balanced, (£|A;)-strong Kahler manifolds with torsion, 
k n — 1, are Kahler. We also give several examples of (^|A;)-strong Kahler and 
Calabi-Yau manifolds with torsion. 



1 Introduction 



Hermitian manifolds have widespread applications in both physics and differential geome- 
try. These are complex manifolds equipped with a metric g{JX, JY) = g{X, Y), and a 
Hermitian form uj{X, Y) = g{X, JY) which is (1,1) with respect to the complex structure 
J. There are many examples of Hermitian manifolds as every complex manifold admits a 
Hermitian structure. In many applications, Hermitian manifolds have additional proper- 
ties which are expressed as either a condition on w or as a restriction on the holonomy of 
one of the Hermitian connections. A condition on the Hermitian form of a 2n-dimensional 
manifold is 

uj^ A ddu'' = , l<k + i<n-l . (1.1) 

An alternative way to write this condition is 

A d{u''-^ A H) = , (1.2) 

where the 3-form H = —i{d — d)u is the torsion of V, and V is the unique Hermitian 
connection with skew-symmetric torsion. There are some advantages of writing fll.ip 
as fll.2p as the latter can be generalized to all G-structures which admit a compatible 
connection with skew-symmetric torsion. These include for example U{n), SU{n), Sp{n), 
Sp{n) ■ Sp{l), G2 and Spin{7) structures [15]. 

Special cases of (11. ip and (II. 2p conditions have appeared before in the literature. First 
take i = 0, and so (II. ip and (II. 2p can be rewritten as 

ddoj'' = , d{io''~^ AH)=0 , l<k<n-l , (1.3) 

respectively. For k = n — 1, the above conditions coincide with the Gauduchon structure 
on Hermitian manifolds [13] which is usually written a,s 59 = 0, where = ^o; o J is 
the Lee form of the Hermitian form. As a consequence of the Gauduchon's theorem in 
the every conformal class, there is a Hermitian metric which satisfies the Gauduchon 
condition. Thus every Hermitian manifold admits a Gauduchon structure. Furthermore 
for k = n — 2, the (II. 3p condition has been called astheno-Kdhler [23] and it has been 
studied in the context of harmonic maps and in connection with the extension of Siu's 
rigidity theorem to non-Kahler complex manifolds. Recently, examples of such manifolds 
have been given in [7]. 

Another special case that has been extensively investigated for many years is (II. 3p 
for k = 1, n > 2, or equivalently dH = 0. This coincides with the strong structure 
on Hermitian manifolds [IH] and has found many applications in both physics, see eg 
[121 EDI 123 [13 IB] and geometry, see eg [211 1221 E ESI El M El [21]. For example in 
type II string theory, H is identified with the 3-form field strength. This is required by 
construction to satisfy dH = 0. Recently Streets and Tian [21] introduced a hermitian 
Ricci flow under which the pluriclosed or equivalently strong KT structure is preserved. 
Viewing f ll.3p as a generalization of the strong condition on a Hermitian manifold, we 
shall refer to it uniformly as k-strong condition and the associated Hermitian manifolds 
as k-strong Kdhler with torsion or k-SKT for short. Similarly, we shall refer to (ll.ip . 
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or equivalently to (11. 2p . as the {i\k) -strong condition and to the associated Hermitian 
manifolds as admitting a {i\k)-strong Kdhler with torsion structure or {i\k)-SKT for short. 

More recently, f ll.ip for £ = n — — 1, the generalized k-Gauduchon condition, has 
been used by Fu, Wang and Wu [11] to prove a generalization of the Gauduchon theorem. 
Examples of manifolds which satisfy the 1-Gauduchon condition have been given in [11] 
and [g. 

Apart from the condition fll.3p above, Hermitian manifolds can also be restricted by a 
holonomy condition. This is usually expressed as the requirement that one of the Hermi- 
tian connections has reduced holonomy G C U{n). In many investigations, the holonomy 
condition is imposed in addition to conditions like (II. 2p on the Hermitian form. In many 
applications, see eg [251 13 [HI [221 [Til [161 IS [TOl ll [HI [111 |ig holonomy condition is 
imposed on the Hermitian connection with skew-symmetric torsion V. Because of this, 
we say that a 2n- dimensional Hermitian manifold is {i\k) -strong Galahi-Yau with torsion, 
or equivalently (£|A;)-SCYT, iff it is (£|A;)-SKT and 

hol(V) C SU{n) . 

If £ = 0, we simply refer to such manifolds as k-SCYT. It is clear from this that the Ricci 
form p of V on (£|/c)-SCYT manifolds must vanish, p = 0, and consequently, the cj-trace 
6 of p is also zero, 6 = 0. Such manifolds have appeared before in the literature. In 
particular, it has been shown in [15j that the supersymmetric IIB black hole horizons are 
8-dimensional 2-SCYT manifolds and some examples have been constructed. 

The purpose of this paper is twofold. First, we shall prove some vanishing results for 
the Dolbeault cohomology of (£|/i;)-SKT and {^\k)-^CYT manifolds. Then we shall give 
some examples of manifolds with k-SKT and k-SCYT structures. One of our main results 
is a vanishing theorem on the plurigenera, 

p„(J) = dimi7|(X,i^"^) , 

which is the dimension of the number of holomorphic sections of the m-th power of the 
canonical bundle. In particular, one has the following. 

Theorem 1.1. Let M he a compact 2n- dimensional {£\k)-SKT manifold satisfying the 
condition 

3(n — 2) n — 2 



Then 



Pm{J) = 0,m > 0. 



The proof of this result is based on an inequality derived in [22] for the vanishing of 
plurigenera for KT manifolds. 

A consequence of this is the following. 

Theorem 1.2. Let M be a compact 2n- dimensional {i\k)-SGYT non Galahi-Yau manifold 
and k < n — 1, n > 2. Then the plurigenera Pm{J) = 0, m > 0, and so M does not admit 
a holomorphic (n,0)-form. 

In particular, Pm{J) = 0, m > for all generalized k-Gauduchon manifolds, k < n — 1, 
for which hol(V) C SU{n). 
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This theorem generahzes the results obtained in [211 l22l E] for 1-SCYT and {n — 2|1)- 
SCYT manifolds and that obtained in |i7] for (n — 2)-SCYT manifolds. 

An immediate application of theorem 1.2 is that every conformally balanced, 6 = d(j), 
(f) a function on M, compact {i\k)-SCYT manifold, k < n — 1, n > 2, is Calabi-Yau. 
This is similar to the result originally proved for the special case of conformally balanced 
1-SCYT and {n - 2|1)-SCYT manifolds manifolds in [211 [221 [8] and adapted to (n - 2)- 
SCYT manifolds in [7J. However, one can generalize these results using the work of pn] 
on generalized k-Gauduchon manifolds. In particular, one has the following. 

Theorem 1.3. Every compact, conformally balanced, {i\k)-SKT manifold, k < n — 1, 
n > 2, is Kdhler. 

One can also consider Hermitian manifolds admitting a generalized {i\k)-SKT structure 
given by 

2kiuj^ Addu'' = d{uj'' AH) Au^ = — - a^/ , l<k + i<n-l , (1.4) 

yk -\- 1 -\- 1 j ! 

where ak/ is a function on M^" which depends on u. Our results in theorems (1.1) and 
(1.2) generalize to this case provided that ak/ > 0. 

Some of our results also apply to {ki, ^2, /c3)-strong hyper-Kahler manifolds with tor- 
sion ((fci, ^2, fc3)-SHKT) [15]. In particular, one can show that for all {£, 1, l\k, 1, 1)-SHKT 
manifolds with k < n — 1 and n > 2, Pm{I) = 0, m > 0, and cyclicly for J and K. Fur- 
thermore if a {£, 1, 1|A;, 1, 1)-SHKT manifold M"^" is conformally balanced, 9^^^ = 2d(j), cj) 
a function on M^", then M^" is hyper-Kahler. The latter also applies cyclicly for J and 
K. These statements follow because these (/ci, /c2, /c3)-SHKT structures are special cases 
of the (£|/c)-SCYT structures that appear in theorems (1.1) and (1.2). Because of this, 
we shall not elaborate further. 

We shall construct several examples of k-SKT. Some examples of 2-SKT and 2-SCYT 
manifolds have already been given in [15] . Here we shall extend a method initially used by 
Swann [26] to construct examples of 1-SKT and HKT manifolds to give new examples of 
k-SKT and k-SCYT manifolds. In particular, we shall construct several simply connected 
examples. 

2 Vanishing theorems for 2-SKT and 2-SCYT mani- 
folds 

It is instructive to first prove theorems (1.1) and (1.2) for 2-SKT and 2-SCYT manifolds 
and then extend the results to the most general case. In particular, this will establish the 
results of theorems (1.1) and (1.2) for 2-Gauduchon manifolds. As it has been mentioned 
in the introduction the theorems (1.1) and (1.2) have already been proven for 1-SKT and 
1-SCYT manifolds, respectively [211 El]. Essentially the proof extends to 1-Gauduchon 
manifolds, see also [8]. We shall demonstrate the proof of theorem (1.3) after those for 
the theorems (1.1) and (1.2) for (£|fc)-SKT and (£|/c)-SCYT manifolds. Before we proceed 
with this, we establish our conventions. 
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2.1 Conventions and preliminaries 

Let (M, J, g) a Hermitian manifold of dimension 2n. Then, the Hermitian formE is defined 
as Y) := g{X, JY) or equivalently in components 

The torsion H of V is H = —i{d — d)uj or equivalently 

H{X, Y, Z) = d'ooiX, Y, Z) = Jduj{X, Y, Z) = -dio{JX, JY, JZ) , 

where we have use that JF{Xi, . . . , X^) := {—iy'F{JXi, . . . , JXr) for a r-form F. 

For the curvature we use the convention R = [V, V] — V[j Consequently, p{X, Y) = 
R{X,Y,ei,Jei), b = p{Jei,ei), where we use Einstein summation conventions, ie re- 
peated indices are summed over. 

The Lee form 6 := 6uj o J of the Hermitian manifold is given in terms of H as 

e{X) = -^H{JX,e,,Je,) = ^g{H{JX),uj) = ^{uj^H{JX)) , 6, = ij^i/^.V • 



Moreover, we define the (1,1) form 

A(X, Y) := dH{X, Y, a, Jci) = -g{dH{X, Y),uj) = -{ujjdH{X, Y)) , 

i.e. Xij = —dHijkiOJ^^ . We also write 

\\H\\^ = H{ei,ej,ek)H{ei,ej,ek) = HijkH'^^ . 

As a volume form, we use dyo\{M) = ^w", where = A'^u. In particular ^ * = 
■jj^Zpy, cj"~^, where -k is the Hodge star operator. 

2.2 The a2 function 

On a 2n dimensional hermitian manifolds {M,g, J), we define the function ak{u)) by 

ak{co) = 2ki< {iddu^ A w"-^"^) = i.{d{uj^-^ AH) A w""*^"^) . (2.1) 

Clearly, ak{uj) = provided {M,g, J) admits a (£|/c)-SKT structure. 
Using Lo'^^^^^ = ^^(I'li^i^' ^cu^~^^, we have the expression 

M^) = ^V^7m^^' ^ AH) A ^u'+') = g{d{u'-' A H),u'+') 

= (-1)'^' l^ny^ ^)(en, ^e,, . . . , e.,,„ Je.,,J (2.2) 

First we calculate a2- For this let us consider the following. 



* There is a sign difference from the definition of w given in [IT which is important in the proof of 
theorem (1.3). 
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Lemma 2.1. On a 2n- dimensional hermitian manifold we have 

-ujjd{ujAH) = {8-2n)dH + uAX + 2{JHAJ9) + 2{HA9) + 2J{eijH)A{eijH). (2.3) 

In particular, on a 2-SKT manifold of dimension 2n we have: 

(8 - 2n)dH + ujA\ + 2{JH A JO) + 2{H A 6) + 2J{e,jH) A (a^H) = 0. (2.4) 

Proof. The identity d{u A H) = du A H -\- u A dH also reads 

d{uj AH) = -JH AH + 00 AdH . (2.5) 

A straightforward calculation using our conventions reveals that 

{-JH AH){X,Y,Z,U,ei,Jei) = [2JH AJ6 + 2H AO 

+ [2J{ei^H) A ieijH)]iX,Y,Z,Uy, (2.6) 

{uj AdH){X,Y,Z,U,ei,Jei) = [co A X + {8 - 2n)dH]{X,Y, Z,U). (2.7) 

The last two equalities together with (12. 5p imply (12. 3p . 

The 2-SKT condition d{uj A H) = and ([231) give (I23D- Q.E.D. 

Corollary 2.2. On a 2n- dimensional Hermitian manifold, we have 

u^{ujd{u AH)) = {12 - An) \ + X{ei,Jei)uj + 89 A J9 

-8{je)jH - 8J{{jejH) + AJiaCj^H) A {dej^H). 

In particular, on a 2-SKT manifold of dimension 2n we have: 

(4n-12)A = \{ei,Jei)uj + 89AJ9-8{J9)^H-8J{{J9^H)+4:J{eiej^H)A{eiejjH). (2.8) 

Proof. Taking the traces in (12. Sp . we get 

d{uj AH){ei,Jei,ej,Jej,X,Y) = (12 - 4:n)\{X,Y) + \{ei, Jei)u{X,Y) 

- 89{X)9{JY) + 89{JX)9[y) - 8H{X, Y, J9) - 8hIjX, JY, J9) 

- m{JX, a, ej)H{Y, a, ej) + AH{X, a, ej)H{JY, a, ej) , 

which proves the assertion. Q.E.D. 
Proposition 2.3. On a 2n- dimensional Hermitian manifold the function is given by 

«2(w) = in~3)\\in~2)69 + {n-3)[\\9\\'' -l\\H\\^] (2.9) 
In particular, on a 2-nd Gauduchon manifold as well as on a 2-SKT manifold we have 

in - 2)89 + (n - 3) [ll^lP - -\\H\f\ = 0. (2.10) 
L 6 J 

Proof. The trace in (12. 8p together with (12. 2p gives 
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Lemma 2.4. On a 2n- dimensional hermitian manifold the function 0:2 (w) is given by 



(n-3)! 

«2(w) = 



23 

On a 2-SKT manifold of dimension 2n we have: 



n-2)\{e^,Jei)-%\\ef + \\\H\\A (2.11) 



(n-2)A(ei, Je^) = 8||0||2-^||i7||2 = O. (2.12) 
To complete the proof of the proposition, we use the identity 

A(ei, Jci) = 869 + 8\\9\\^ - , (2.13) 

3 

estabhshed in [H [21] in the context of KT manifolds. Combining f l2.13p with (12. lip , it is 
straightforward to prove (12. 9p . Q.E.D. 

Corollary 2.5. On a 2n- dimensional 2-SKT manifold, one has 

{n - 3)A(ei, Je^) = -856 , (2.14) 

and 

{n - 2)A(ei, Jd) = 8\\9\\'^ - . (2.15) 

3 

Proof. The proof of the above two equations follows from (12.120 and (I2.13p . Q.E.D. 
2.3 Proof of theorems (1.1) and (1.2) 

Proof of theorem (1.1): Now let us turn to the proof of theorem (1.1) for 2-SKT manifolds. 
For this, we use the result in [221 Theorem 4.1] that the plurigenera, pjn{J),m > 0, of a 
KT manifold vanish provided that 



^ 2n 

^+l|C'll' + 4 5^A(ei,JeO >0 , (2.16) 

1=1 

where b is the w-trace of the Ricci form p of V and C is the torsion of the Chern connection. 
The fact that H is of type (1,2) + (2,1) implies 

H{Jek,Jei,ej)H{ek,ei,ej) = (2.17) 

We recall that the torsion C of the Chern connection of a KT manifold (M, g, J) is 
expressed in terms of H as, 

g{C{X, Y),Z) = ^H{X, JY, JZ) + ^H{JX, Y, JZ) , 

see e.g. [21] ■ Using this, fl2.17p and that if is a (l,2) + (2,l)-form, one finds that 

\\C\\^ = -\\H\\\ (2.18) 
3 
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Next using fl2.18p and (12.151) . one has that 

= i^l(^~,m\?^^,m\^>o (2.19) 

which is positive for n > 2 according to the condition of theorem (1.1). This estabhshes 
theorem (1.1) for k = 2. Q.E.D. 

Proof of theorem (1-2): Now, let us turn to theorem (1.2) for 2-SCYT manifolds. It 
readily follows from theorem (1.1). Since the holonomy of the connection with skew- 
symmetric torsion V is in SU{n), 6 = 0, and the inequality ( I2.19p is always satisfied 
provided that H does not vanish. Clearly the above statement also holds under the 
weaker assumption that 6 = 0. Q.E.D. 

Corollary 2.6. A compact, conformally balanced, 2-SCYT manifold is Calahi-Yau. 

Proof : This is a special case of theorem (1.3) which we shall demonstrate later. This 
is also an extension of a similar theorem proved in |21j for conformally balanced 1-SCYT 
manifolds. It follows from [2S] that a 2n- dimensional conformally balanced CYT manifold 
admits a holomorphic (n,0)-form. Combining this with the statement of theorem (1.2) 
for 2-SCYT manifolds, one concludes that H = 0, and so M is Calabi-Yau. Q.E.D. 

3 Vanishing theorems for 2n-dimensional k-SKT and 
k-SCYT manifolds 

3.1 The ak function 

We have shown theorems (1.1) and (1.2) for k-SKT and k-SCYT manifolds for k = 1,2. 
It remains to extend these to all {i\k)-SKT and (£|A;)-SCYT manifolds for A; > 2, £ > . 
Instrumental in this is the generalization of (12. 9p and fl2.10p for A; > 2. 

Proposition 3.1. On a 2n- dimensional Hermitian manifold the function is given by 

akitu) = in-3)\[in-2)5e + in-k-l)[\\e\\^-^\\H\\^]^ . (3.1) 

In particular, a 2n- dimensional Hermitian manifold is generalized k-Gauduchon, if and 
only if, the next identity holds 

{n - 2)56 +{n-k-l) [n^lp - -\\H\\^] = 0. (3.2) 

L 6 J 

Proof. First we show 
Lemma 3.2. Let M^" be a Hermitian manifold. Then 

2n 

23 



a.iu) = ^^^[(n - 2) f; A(e„ Je,) - 8(fc - l)\\e\\' + |(fc - 1)\\H\\'] (3.3) 



i=l 
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To prove the lemma, we write (12. ip as 

ak{uj) = i.{d{uj''-^ AH) Au''-''-^) =i<( {k-l)u''-^ Adu AH + u''-^ AdH 



A u 



ri—k—l 



n-3! / o 

^ i^uj^ A 

3! 

,3 



_(n-3)! 

3r2^ 

(n-3)! 



{k - l)duj AH + L0 AdH 

- {k-l)JH AH + 00 AdH 
{k-l)JH AH + u AdH 

— (A; — 1)JH A H + u A dH \ (cj, Jcj, e^, Jcj, Cfc, Jcfc) 



{k-l)JH AH + UJ AdH 



2n 



23 



[(n - 2) 5^ A(e„ Je.) - 8(A; - 1)\\9\\' + -{k - 1)\\H\\'] . 



(3.4) 



i=l 



where we used the (12.61) and (12. 7p and their traces. This completes the proof of the lemma. 
Next to prove the proposition, substitute (I2.13P into (13. 3 p to get (13. ip . This completes 



the proof. 

A generalization of (I2.14p and (I2.15P is as follows. 
Corollary 3.3. Let M be a 2n- dimensional {i\k)-SKT manifold, then 



Q.E.D. 



2n 



[n 



k-l)J2 K^i, Jei) = -8{k - 1)66 



(3.5) 



and 



2n 



[n 



2) 5^ A(e„ Je.) = 8{k - l)\\e\\' - -{k - 1)\\H\\' 

i=l 



(3.6) 



Proof. It follows immediately as an application of (I2.13p . (13. 3 p and the fact that 
ak{uj) = for all {i\k)-SKT manifolds. Q.E.D. 

Integrate (13. 2p over a compact M observing that 1 16'| p = 1 1 J5a;| p = | I^ojI p and | | P = 
I p to obtain 

Corollary 3.4. Let {M,u) be a compact 2n- dimensional {i\k)-SKT manifold, then for 
k<l<n — Iwe have 



M 



\\5uj\\'dvol{M) = / -\\duj\Ydvol{M). 
M 6 



3.2 Proof of Theorems (1.1) and (1.2) 

Proof of theorem (1.1): To show this for all (£|/c)-SKT manifolds, we apply again the 
inequality (I2.16P established in Theorem 4.1] as a condition for the vanishing of 
plurigenera for KT manifolds and use (13. 6p . One finds that 



h+\\C\\' + -\{e,,Je;) = h+-\\H\\' + 



2 , 2(A;-1) 



n-2 



k-l 
3(n-2) 



\H\ 
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which is positive for n > 2 according to the condition of theorem (1.1). Q.E.D. 

Proof of theorem (1-2): Now if M is (£|A;)-SCYT, then one has that 6 = 0. This 
follows from the requirement that the holonomy of the Hermitian connection with skew- 
symmetric torsion, V, is contained in SU{n). It is clear then that the inequality (13.71) 
always holds and so Pm{J) = 0, m > for all (£|/c)-SCYT manifolds. Q.E.D. 

Theorems (1.1) and (1.2) can be extended to the generalized {i\k)-SKT and {i\k)- 
SCYT manifolds as follows. 

Corollary 3.5. Let M^" be a non Kdhler generalized {£\k)-SKT manifold, then Pm{J) = 
0, m > 0, provided that 

f n-A;-l,,^^,,2 2(A;-1),,,,,2 2n(n - 1) 
3(n — 2) n — 2 [k + 1 + 1)1 

where Uk/ is given in (II. 4p . In particular, the plurigenera vanish for every generalized 
{l\k)-SCYT manifold for which ak,e > 0. 

The proof of this follows immediately from those of theorems (1.1) and (1.2) above. 
Note that ak = (fc^"l^^), afc,^ 

Corollary 3.6. A compact, conformally balanced, {£\k)-SCYT manifold is Calabi-Yau. 

Proof : This is a special case of theorem (1.3) and it follows directly from the results 
of [21] together with theorems (1.1) and (1.2). The proof is similar to that given as for 
the case of conformally balanced 2-SCYT manifolds in section 2. Q.E.D. 



3.3 Proof of Theorem (1.3) 

It has been shown in [TT] that on a compact Hermitian manifold there is a unique constant 
7fc(a;) invariant under biholomorphisms which depends smoothly on u such that the k- 
generalized Gauduchon equatioiu 

^e-"aa(e"w'=) A w"^'^-^ = -7fc(u;) , (3.8) 

has a solution u, where u is uniquely determined up to a constant. In particular, a 
Hermitian manifold M admits a generalized k-Gauduchon metric in the conformal class 
of u, if and only if 7^ = pi. Proposition 8]. 

The existence of generalized k-Gauduchon metrics depends crucially on the sign of 
7fc. It is also shown [TH Proposition 11] that the sign of 7fc(w) remains constant in 
the conformal class of u. Moreover, [111 Proposition 12], in our notations, tells us that 
7fc(a;) > 0(= 0, or < 0) if there exists a hermitian form cu' in the conformal class of u such 
that ak{uj') < 0(= 0,or > 0), respectively. 

^The sign difference in (I3.8P from that in [TT] is conventional and it is due to a sign difference in the 
definition of Hermitian form uj. 
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Suppose now that u is conformally balanced. In such case, there is a function f on M 
specified up to a constant such that Co = e^uj is balanced, ie the corresponding Lee form 
^ = 0. The next lemma makes [Tl], Lemma 16] more precise and proofs our Theorem 1.3. 

Lemma 3.7. On a compact balanced non-Kdhler Hermitian manifold (X, a;) the constant 

'jkioj) > 0, for 1 < k < n - 2 
Proof. To proof the lemma substitute 9 = into (13. ip to conclude 

a,{Co) = -{n - 'iy J'~\~^ \\H{uj)\\^. 

Therefore for 7^ n — 1, afc(cj) < 0, provided that li{OS) 7^ 0. Hence 7fc(a;) > and the 
lemma follows. Q.E.D. 

To complete the proof of the theorem 1.3 recall that the sign of 7^ does not depend on 
the conformal class of u and if H{Cj) 7^ 0, then also 7fc(w) > 0. Now from the assumptions 
of theorem (1.3), uj is (£|fc)-SKT and therefore generalized k-Gauduchon which requires 
that 7fc(i^) = 0. This leads to a contradiction unless H{Cj) = and so u is Kahler which 
completes the proof of the theorem. Q.E.D. 



3.4 Locally conformally Kahler manifolds 

It is observed in [Ij that 1-SKT locally conformally Kahler manifold must be Kahler. 
Recently, it is shown in [IT] that the standard hermitian structure on x which is 
locally conformally Kahler has 71 < 0. We show that this is true in general. 

We recall that a Hermitian manifold {X, u) is locally conformally Kdhler if there locally 
exists a conformal metric which is Kahler and this is not true globally. For n > 2 this 
condition is equivalent to the equation du = A u which, in terms of H, reads 

H = ^—J9 Au 
n — 1 

We have 

Proposition 3.8. On a compact locally conformally Kdhler 2n-manifold (X, u) the con- 
stant 7fc(w) is negative for 1 < k < n — 2, 

7fc(w) < 0, for 1 < k < n - 2. 

In particular, compact locally conformally Kdhler structure does not admit {l\k)-SKT 
structure. 

Proof. Let u be the Gauduchon structure globally conformal to u, which, in particular 
is locally conformally Kahler and not Kahler. Then we have 

66 = 0, H=^—-jeAuj, II^IIVO, (3.9) 
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where 9 and H are the Lee form and 3-form torsion associated to cu, respectively. A 
straightforward calculation yields 

\\H\\' = ^\\e\\\ (3.10) 
To proof the assertion substitute f l3.9p and (13.101) into (13. ip to conclude 



ak{Cj) = {n-2)\{n-k-l) \\e\\^ -\\\H{Cj)\\'' = [n - d,)\{n - k - I) —-\\e 
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n 



|2 



n — \ 



Therefore for A; 7^ n — 1, akioj) > 0. Consequently, 7^(0;) < 0. Q.E.D. 

4 Fibrations and k-SKT structures 
4.1 k-SKT structures on product manifolds 

We shall focus on the construction of k-SKT and k-SCYT structures are they are more re- 
strictive than {i\k)-SKT and {i\k)-SCYT , respectively. In particular, if a Hermitian mani- 
fold admits a k-SKT or k-SCYT structure, then it also admits a (£|fc)-SKT or (£|/c)-SCYT 
for all i. It is straightforward to construct k-SKT structures on products of manifolds. In 
particular one has the following. 

Proposition 4.1. The product M^*" x A^^ where M^"^ is a Kdhler manifold and N'^ is 
Hermitian 4-i^o,nifold admits a k-SKT structure for all k. 

Proof. Let a;(4) be the Hermitian form of a Gauduchon structure on A^^. Then A^ is 
an 1-SKT manifold with respect to W(4) , ie (iif(4) = as this coincides with the co-closure 
of the Lee form. If u:{2m) is the Kahler form on M^*", then 

d{{u(^2m) + UJi^i)f A iJ(4)) = ^(wfsm) A i^(4)) = W(2m) A rfif(4) = . 

This proves the proposition. Q.E.D. 
For an explicit example one can take A^^ = S*^ x S*^ and M^"* = CP"^. 
Similarly, it is straightforward to see the following. 

Proposition 4.2. Let N he a k-SKT manifold for k < £. Then the product M^™ x A^, 
where M^™ is a Kdhler manifold, is also k-SKT manifold for all k < i. 



4.2 The Swann twist 

KT and CYT manifolds can be constructed using torus fibrations, see [3l[Tll|T6]. These 
provide a large class of examples and so some of them may admit the more restrictive 
k-SKT and k-SCYT structures. Although this can be done directly by consider torus 
fibrations over suitable base spaces, it is advantageous to use a construction proposed by 
Swann [20] to find 1-SKT and (1,1,1)-SHKT metrics. This will be adapted to give new 
examples k-SKT and k-SCYT manifolds. We begin with a summary of the Swann's twist 
construction. 
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Let M^" be a Hermitian manifold equipped with a torus action Am which preserves 
the Hermitian structure. Denote the Lie algebra of the group acting on M^" with Um- 
In addition, let P be a T^* principal bundle over M^" equipped with a connection A. 
Clearly A G ^^{P, ap), where ap is the Lie algebra of which acts on P from the right. 
Suppose now that the Am group action on M^" can be lifted to and a action on 
P. If ^'s are the vector fields generated by the action of Am on M"^^, then the Ap action 
on P is generated by the vector fields 

where ^ is the horizontal lift of C, with respect to A, ie A(.^) = 0, p are the vectors generated 
by the right action of on P and /3 G ^^{P, ap ® ci*m). Necessary conditions for the 
action on M"^^ to lift to P are 

C^F = , i^F = d(3, i^i^F = , (4.1) 

and /3 = 7r*/3, where /3 G n°(M, ap ® a^/) with = 0, tt is the projection of P onto 
M^*^ and 'k*F = d\ is the curvature of A. 

Provided that (14. ip holds, there is a lift of the Am action to P which covers Am and 
commutes with the right action on P. This lift is not unique because /3 is determined up 
to a constant v. For every choice v G VL^{M, ap ® a^j) ® Z, one finds another lift of the 
Am action. All these lifts are free provided that Am group action on M^" is free. 

The Swann twist is a new fibration which is constructed by taking the quotient of 
P with respect to Ap of T^. If Ap is a free action, then W = P/Ap is a manifold. 
Otherwise, it may have orbifold singularities. For the explicit examples we consider, 
Ap is a free action. Under certain conditions, the Hermitian structure on M^" can be 
inherited on PF^". For this, one should induce a metric and a Hermitian form on W'^"' 
from those on M^". Let us first begin with forms. Given a form r G Q^{M), one can 
define 7r*r G Q^{P). The aim is to construct a new form f G Q'''{P) such that f = tt^tw, 
where is the projection of P onto W"^^. For this assume that /3 is invertible and take 

f = ttV - A^-. A n*i^^,r) - ...(-l)^wiA^^ A ■ • • A A^l,vr*(.^,^ ■ ..t^^r) , (4.2) 

where A^-i = p-^X G n\P, Um), and p{e) = 1 if [i/A] = 1, 2 and p(£) = if [£/4] = 3, 0. 
One can verify that i^f = and C^f = provided that C^r = 0. Therefore f projects 
down onto W'^"', ie there is a r^y such that f = vr^rvi/. 

Observe that to determine tw it suffices to know f up to A-terms. This is because all 
the components of f proportional to A's are determined by the A independent term and the 
vector fields ^. In [26], this is referred as ^-relation or equivalence, where Jif = Ker A. 
Because of this, it suffices to establish the various relations up to ^-equivalence. Suppose 
now that vr^r = x, then a direct application of (14. 2 p reveals that 

Kidr =^ dx-J^^A TT* (i^^r) , (4.3) 

where J-" = (5^^F G fi^(M, a^/)- Using this construction, we can lift to P both the metric 
and Hermitian form of M^" as 

g = n*g- 2A^_i ® n*7]A + giU eB)Ali ® Af_i , 
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u = 7r*u- A^-i A 7i*{i^^uj) - ^ A^-i A Af-i n*{^,i^^uj) , (4.4) 

where rjA^X) = g{^A,X). Provided that both g and u are invariant under Am, these can 
be projected down to W'^'"' to define an almost Hermitian structure on W'^^. Using the 
^^-equivalence equivalence one can write 

It remains to find the conditions for the almost complex structure on W'^"' to be 
integrable. For this let the set of all Killing vector fields in M^" and £/j = D Is^ . 
Clearly one can find basis ei, . . . e2s, e2s+i, . . . in ^ which is an extension of the basis 
ei, . . . e2s of =2^7 with /(e2j-i) = e^j- Next choose a basis e° of (l,0)-forms in M^"', lift 
them to P and define e". Then 

The complex structure on VT^" is integrable iff the (0,2)-part of the above 2-form vanishes. 
The (0,2) component of de"^ vanishes as consequence of the integrability of the complex 
structure on M^"^. In addition the (0,2) component of the term involving F also vanishes 
provided that 

( J-2,_i + 2j-2,)°'2 = 0, J = 1,...,S, 

j;2.o = j-o.2 = 0, r = 2s + l,...,fc , 

where Fi = J-'{ei). In particular the complex structure on W'^"' is always integrable if F 
is a (l,l)-form on M^"-. 

It remains to determine the torsion Hw- For this observe that 

7r*yi. Hw =^ n*H + iiT^ A 7r*{H^uj) - J"^ A n*riA , 

where again rjA^X) = g{C,A,X). This follows directly from (14. 4p and (14. 3 p using H = 
—i{d — d)uj. In particular, if F is a (l,l)-form, this simplifies to 

4.3 k-SKT structures from Kahler manifolds 

As a starting point let us take X to be a Kahler manifold with Kahler form ux and take 
M = X X T^™. Assuming that T^"^ is also Kahler with respect to the standard flat metric 
and complex structure, clearly M is a Kahler manifold with Kahler form ux + ujt, where 
ut is the Kahler form of T^*". Next assume that the Am action on M is the standard one, 
where the vector fields ^ generate the standard basis in the homology of T^™. Choose now 
a principal T^"* bundle over X with F a (l,l)-form on X. By construction i^F = 0, and 
so /3 is a constant matrix. Furthermore, the condition /3 G Q^{M, ap ® a^^) ® Z implies 
that /3 G (Ap (g) A^^) (g) Z, where Ap and Am are the lattices used to construct the tori of 
the typical fibre of P and that of the torus action on M. 
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Next using some constant invertible matrix /3, let us perform a Swann twist to find 
The k-SKT condition on W is satisfied provideclil that 

J^^AT^ A t^A{uJx + UJt)'''^ a 7l*7]B 

A A (ux + u;T)'~'^7T(a, ^b) = 0. (4.5) 

For k = 1, this becomes 

J^^AJ^''gT{U^B) = 0, 
which is the SKT condition derived in 



4.3.1 2-SKT manifolds 

Let us now consider the k = 2 case. The condition ( 14. 5p becomes 



gT{U^B)J^'' AT"" Aujx = 



J^^ A J^^ A Lacut a 7r*T]B + J^^ AT^ Aujt griU, ^b) = . (4.6) 



Proposition 4.3. If M = X x T'^ and gri^A^^B) = ^ab, then W is 2-SKT ifand only if 

6ab AJ^^ Aoox = , 

Proof : It is easily seen that the second condition (14.61) is automatically satisfied. The 
first condition in (14. 6 p gives the restriction stated above. Q.E.D. 

It is therefore clear that if W is SKT, then it is also 2-SKT. However, there are 2-SKT 
structures which are not induced from an 1-SKT one. To find one such example, take 

= X^ X and m = 2, where X"^ and are Kahler manifolds with Kahler forms a;(4) 
and U[2), respectively. Moreover, we choose gT{C,A,C,B) = Sab as it is required in above 
proposition but take 

^ ::) . (4.T) 

and to have support over X^ while F"^ to have support over X^ with [F^] G if ^(X^, Z) 
and [F^] e H'^{X'^,Z). The 2-SKT condition then becomes 

(pI + pI)F^ a a u^2) + 2(pigi + P2q2)F^ A F' A W(4) = . (4.8) 

The condition that (3 G {Ap^Al_^) ®Z implies that pi,P2, Qi, ^2 are integers up to possibly 
multiplying them with det /3. 

Example 1: There are many solutions to this equation. First, suppose that F^ can be 
chosen such that F^ AF^ = 0. Such classes exist on any complex manifold X which admits 
a non-trivial holomorphic map $ : N CP^ Then F^ = where ( G ii^(CP\Z). 



^The inner derivation ilXj of & vector k-form L with a p-form x is defined as i^x = 

k\-(p-l)\ »i---»)t Ajifc+i-.-ip+fc-i"-'' '\ i\u,x 



14 



In particular, admits two such representatives in the second cohomology. For this 
one uses the Weierstrass p-function. Other examples include any 4-dimensional Kahler 
manifold which arises as a blow up at the intersection points of an algebraic 4-dimensional 
Kahler manifold with a complex co-dimension r — 2 hyperplane in CP'', see [26] for further 
explanation. In such the condition f l4.8p reduces to 

(PiQi + ^2^2) = . 

Using the scale invariance of the equation, set pi = 1. Then qi = —p2<i2 where p2, 12 are 
any integers. The only additional requirement is that Piq2—P2<ii 7^ for /3 to be invertible. 
For an explicit example set = K3 and = CP^ with = p*( and F"^ = cj^pi. 
Then W which is identified as a bundle over K3 x CP^ admits a 2-SKT structure. 

Example 2: For another example assume that [u}(2)] ^ H'^{X'^, Z) and [^(4)] G i/^(X^, Z). 
Then set F^ = Ci;(4) and = U(^2)- The resulting equation reads 

P1+P2 + 2(pigi + ^2^2) = . 

One solution to the above equation is = and p2 + 2q2 = 0. Then gi 7^ can be 
arbitrary. The only additional condition is that P2 7^ which is required for /3 to be 
invertible. 

Clearly there are many explicit examples by taking to be CP^ and to a Kahler 
4-dimensional manifold like CP^. The resulting 8-dimensional 2-SKT manifold W has 
at most finite fundamental group. So its universal cover W will provide an example of 
a simply connected compact 2-SKT manifold. In particular, x 5*^ admits a 2-SKT 
structure. 

4.3.2 k-SKT manifolds 

The results described in the previous section can be generalized to k-SKT manifolds. 
Proposition 4.4. If M = X x and ^t(^a,^b) = Sab, then W is k-SKT iff 

6ab J^^ a J^^ a w^-^ = , 
The proof of this is similar to that given for 2-SKT manifolds. 

To find examples take X = X"^^ x X^ with Kahler forms uj(^2k) and u}{2), respectively. 
Take again a bundle over X with curvature which has support on X'^^ and 

X^, respectively. Then the 2-SKT condition reads 

(k - l)ipl + pI)F' AF'a A a;(2) + 2(pigi + ^2^2)^' A A = , (4.9) 

where we have chosen (3 as in (14. 7p . 

Example 1: Clearly if F^ /\F^ = 0, as in the example given for the 2-SKT case in the 
previous section, the above condition reduces to (pigi + P25'2) = 0. This is again solved 
as in the 2-SKT case. 

Example 2: Another possibility is to assume that [w{2)] G if^(X^,Z) and [oJ(2k)\ £ 
^2^^2fc^ Z), and set F^ = uj{2k) and = uj(2)-, then one finds that (14. 9 p reduces to 

(A; - l){pl + pI) + 2pigi + 2^292 = . (4.10) 
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A solution to this equation is pi = and {k — l)p2 + 2q2 = for arbitrary qi. There are 
many solutions to these equations in Z for which P2 ^ which is required for /3 to be 
invertible. Taking X^'^ = CP^ and X"^ = CP^, one can show that x admits a 

k-SKT structure. 

To give more examples take M = X x T"^ with griCAy^B) = Sab as before but now 
X = X"^^ X X^, where X'^^ and X*^ are Kahler manifolds with Kahler forms a;(4) and 
u:{2k)i respectively. Furthermore assume that the fibration over X x has curvature 
where and have support on X'^^ and X^, respectively. 

Proposition 4.5. W admits a (k+l)-SKT condition provided 



Example 3: To find solutions to (HTTll suppose that A = A = 0. Then the 
condition reduces to requiring that piqi + p2q2 = which can be solved as in the 2-SKT 
case. For an explicit example take M = x x and F^ = pl( and F"^ = P2C) 
where pi and p2 are the Weierstrass functions of the first and second subspaces in M, 
respectively. This will give 3-SKT structures on bundles over x K^. 

Example J^: Next assume that [a;(4)] G if^(X'^,Z) and [w(2fc)] ^ if^(X^^,Z), and set 
F^ = uj{2k) and = uj(^2)- Then substituting in (14. lip , one finds that W admits a 
(k+l)-SKT condition if 



To find a solution set pi = and observe that the above equation can be rewritten as 



This has solutions, eg = 4, p2 = 2, gi = 2 and q2 = —2. 

4.4 k-SCYT structures from Kahler-Einstein manifolds 

Examples of 2-SCYT manifolds have been constructed in [15] in the context of JIB black 
hole horizons. Some of the k-SKT manifolds we have constructed also admit a k-SCYT 
structure. For this, we shall find the conditions such that the Ricci form, pvv, of the 
connection Vw with skew-symmetric torsion on W vanishes, pw = 0. This condition is 
equivalent to requiring that the reduced holonomy of Vvk is included in SU{n). 

We shall not investigate the general case, instead we shall take M = X x T"' with 
metric g = Qx + Qt and Hermitian form u = ux + ojt and assume that X and T^'" 
equipped with {gx,ujx) and {qt^oot), respectively, are Hermitian manifolds. Next we 
apply a Swann twist associated with a T^*" principal bundle over M with connection A 




(4.11) 



fc(fc- 1) 
2 



{pi + pD + 2k{piqi + P2q2) + {ql + ql) = . 



ql + {kp2 + q2f 



Kk + l) 2 
2 ■ 
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and curvature F supported on X. Then is a T^™ fibration over X with metric gw and 
Hermit ian form uw given by 



where A(^) = 0, d\ = F, h = grif^'^C,, f^'^O and J = urif^'^^, f3~^C,). In such a case, 
one can show, see[T6l [15], that pw = 0, provided that 

Px = -t^^KbF^ 
ujx-F" = k\ 

where px is the Ricci form of the Hermitian connection with skew-symmetric torsion on 
X, K is constant and ux ■ F'^ is the inner product of ux and F. Observe that if F is 
Hermitian-Einstein, ie k = 0, then px = and so X is CYT. 

To find examples, let us take M = XxT"^ with X = X'^^xX'^, where both X'^^xX'^ are 
Kahler-Einstein spaces with cosmological constants ii and £2, respectively. In such case, 
the Ricci forms of the Kahler metrics satisfy px^k = iiU(2k) and px^ = i2<^{2)- Assuming 
that 0O(^2k) £ H'^{X'^^,1) and 1^(2) G if^(X^,Z) and focusing on the k-SKT examples for 
which F^ = UJ(2k) and = u;(2). Then k = (A;, 1), and so on finds that 

£1 = -khii - hi2 , £2 = -khi2 - h22 ■ 

Next consider the examples of k-SKT manifolds with gri^Aj^B) = ^ab and (3 given in 
(14. 7p . Then one can show that the above two conditions become 

k + 1 

ii = -k{pl + pI) - {piqi + P2q2) = ^(^1 + P2) ' 

h = -k{piqi + P2q2) - {ql + ql) , 

where we have also used (14.101) . 

Next consider the k-SKT manifolds constructed from M = X xT"^ with X = X'^^ x X^. 
Assuming that both X'^'^ and are Kahler-Einstein, one finds that 

£1 = -k{pl + pI) - 2(pigi + p2q2) , 
£2 = -k{piqi + P2q2) - 2{qf + ql) , 

where £1 and £2 are the cosmological constants of X"^^ and X^, respectively. 
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